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Abstract
In this paper new lower bounds for the cardinality of minimal m-blocking sets are determined.
Let r2(q) be the number such that q + r2(q) + 1 is the cardinality of the smallest non-trivial
line-blocking set in a plane of order q. If B is a minimal m-blocking set in PG(n; q) that
contains at most qm+qm−1 + : : :+q+1+ r2(q) · (∑m−1i=2m−n′ qi) points for an integer n′ satisfying
m6 n′6 2m, then the dimension of 〈B〉 is at most n′. If the dimension of 〈B〉 is n′, then the
following holds. The cardinality of B equals qm + qm−1 + : : :+ q + 1 + r2(q)(
∑m−1
i=2m−n′ q
i). For
n′ = m the set B is an m-dimensional subspace and for n′ = m + 1 the set B is a cone with an
(m− 2)-dimensional vertex over a non-trivial line-blocking set of cardinality q+ r2(q) + 1 in a
plane skew to the vertex. This result is due to Heim (Mitt. Math. Semin. Giessen 226 (1996),
4–82). For n′¿m + 1 and q not a prime the number q is a square and for q¿ 16 the set B
is a Baer cone. If q is odd and |B|¡qm + qm−1 + : : :+ q + 1 + r2(q)(qm−1 + qm−2), it follows
from this result that the subspace generated by B has dimension at most m+1. Furthermore we
prove that in this case, if |B|¡ 32 (qm +1), then B is an m-dimensional subspace or a cone with
an (m− 2)-dimensional vertex over a non-trivial line-blocking set of cardinality q+ r2(q)+ 1 in
a plane skew to the vertex. For q = p3h; p¿ 7 and q not a square we show this assertion for
|B|6 qm + qm−1 + : : :+ q + 1 + q2=3 · (qm−1 + : : :+ 1).
c© 2003 Elsevier B.V. All rights reserved.
Keywords: Blocking set; Baer cone
1. Introduction
For m6 n an m-blocking set B in PG(n; q) is a set of points such that every
(n−m)-dimensional subspace meets B. We call an (n− 1)-blocking set in PG(n; q) a
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line-blocking set. The m-blocking sets of smallest cardinality are known by
Result 1.1 (Bose and Burton [3]). Let B be an m-blocking set of PG(n; q) with m¡n.
Then
|B|¿ qm + qm−1 + : : :+ q+ 1
with equality, if and only if B is the point set of an m-dimensional subspace of PG(n; q).
For i¿ − 1 put i := (qi+1 − 1)=(q − 1). We call an m-blocking set that contains
an m-dimensional subspace trivial. An m-blocking set is called minimal, if no proper
subset of it is an m-blocking set. Let r2(q) be the number such that q+ r2(q)+1 is the
cardinality of the smallest non-trivial line-blocking set in a plane of order q. A cone
with vertex a subspace V over a point set B∗ disjoint to V is the union of subspaces
generated by V and a point of B∗. Sometimes we call the set B∗ the base of the cone.
The second smallest minimal m-blocking sets are given in the following result.
Result 1.2 (Heim [6]). Let B be a non-trivial m-blocking set in the projective space
PG(n; q) with n¿m and q¿ 2. Then
|B|¿ m + r2(q)qm−1
with equality if there exists an (m−2)-dimensional subspace U , a plane E with U∩E=∅
and a non-trivial line-blocking set B∗ of minimal cardinality of E such that B is a cone
with vertex U over B∗.
A cone with an (m− 2)-dimensional vertex and a non-trivial line-blocking set in a
plane skew to the vertex as a base generates a subspace of dimension m + 1. Now
the question arises how many points are needed to form a minimal m-blocking set
that generates a subspace of larger dimension. For q square Result 2.10 answers this
question. For q arbitrary, so q square and q non-square, in Theorem 1.3 we Fnd
new lower bounds for the cardinality of minimal m-blocking sets that generate an
n′-dimensional subspace for m6 n′6 2m and n′6 n. For n′=m+1 and for projective
spaces of square order the bound is sharp. If the order of the projective space is not
a square and n′¿m + 1, no example of a blocking set is known that reaches these
bounds.
Theorem 1.3. Let B be a minimal m-blocking set of PG(n; q); q¿ 2. Suppose for an
integer n′ with m6 n′6 2m the set B satis1es
|B|6 m + n′−m−1r2(q)q2m−n′ = m + r2(q)
(
m−1∑
i=2m−n′
qi
)
: (1)
Then the dimension of 〈B〉 is at most n′. If dim(〈B〉) = n′, then the following holds:
|B|= m + n′−m−1r2(q)q2m−n′ :
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For n′=m the set B is an m-dimensional subspace. For n′=m+1 the set B is a cone
with an (m− 2)-dimensional vertex over a non-trivial line-blocking set of cardinality
q+ r2(q) + 1 in a plane skew to the vertex.
For n′¿m+1 and q not a prime the number q is a square and for q¿ 16 the set B
is a Baer cone with a (2m−n′−1)-dimensional vertex and a (2(n′−m))-dimensional
Baer subspace as a base.
The following corollary is a direct consequence of Theorem 1.3. By Result 2.1 the
number r2(q) is at least
√
q. We use this in Eq. (1) of Theorem 1.3. In case of
equality we have r2(q) =
√
q and q is a square. Then, we apply the second part of
Theorem 1.3.
Corollary 1.4. Let B be a minimal m-blocking set of PG(n; q); q¿ 16 and m6 n′
6 2m and n′6 n with dim〈B〉= n′. Then
|B|¿ m + n′−m−1√qq2m−n′ :
In case of equality the following holds:
The number q is a square and the set B is a Baer cone with a (2m− n′− 1)-
dimensional vertex and a (2(n′ − m))-dimensional Baer subspace as a base.
In Theorem 1.5 we focus on minimal m-blocking sets of cardinality smaller than
m+ r2(q)(qm−1 + qm−2) and smaller than 32 (q
m+1). For these blocking sets we show
not only that they generate a subspace of dimension at most m+ 1, but also that they
consist of an m-dimensional subspace or a cone with an (m − 2)-dimensional vertex
over a non-trivial line-blocking set in a plane skew to the vertex as a base. Hence, it
is an improvement on the bound of Result 1.2.
Theorem 1.5. Let B be a minimal m-blocking set in PG(n; q); q= ph; p¿ 2 prime,
h¿ 1; m¿ 2 with
|B|¡m + r2(q)(qm−1 + qm−2);
|B|¡ 3
2
(qm + 1): (2)
Then B is an m-dimensional subspace or a cone with an (m− 2)-dimensional vertex
V and a non-trivial line-blocking set B∗ of cardinality q+ r2(q) + 1 in a plane skew
to V as a base.
For q = 2 prime the upper bound |B|¡ 32 (qm+1) of (2) is smaller than the cardinality
of the smallest non-trivial m-blocking set, since for q prime r2(q) = (q+ 1)=2.
For projective spaces of cube order q with q not a square in Theorem 1.6 we improve
the bound of Theorem 1.5, as in this case the structure of the non-trivial line-blocking
set of cardinality q+ r2(q) + 1 = q+ q2=3 + 1 is known by Result 4.1.
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Theorem 1.6. Let B be a minimal m-blocking set in the projective space PG(n; q);
q= p3h; p¿ 7 prime, q not a square. Suppose that
|B|6 m + q2=3m−1:
Then B is an m-dimensional subspace or a cone with an (m− 2)-dimensional vertex
over a non-trivial line-blocking set of cardinality q+ q2=3 + 1 in a plane skew to the
vertex.
Remark 1.7. The case that B is an m-blocking set of cardinality |B|6 m+ m−1r2(q)
with q a square, q¿ 16 is treated in Result 2.10.
De nition 1.8. Let B be a set of points of PG(n; q). Let P be a point with P ∈ B
and H be a hyperplane not through P. Then B(P;H) := {〈P;Q〉 ∩ H |Q∈B} is the
projection of B from P onto H .
A B-point is a point of B. We call a subspace of dimension n − 2 a coline and a
subspace of dimension n− 3 a coplane.
2. Proof of Theorem 1.3
Suppose that B is a minimal m-blocking set of PG(n; q) satisfying (1), that is
|B|6 m + n′−m−1r2(q)q2m−n′ . If the dimension of 〈B〉 is smaller than n′ then there
is nothing to prove for the statement of Theorem 1.3. Hence, we assume that the di-
mension of 〈B〉 is at least n′. For m = 0 the set B is a point and for m = n every
point of PG(n; q) is contained in B and hence the statement of Theorem 1.3 holds.
Thus suppose 0¡m¡n. The proof is by induction on m and (for a Fxed m) on n′.
In Section 2.2 we show for n′-dimensional projective spaces, that equality holds in
(1). Furthermore in this case for n′¿m + 1 and q not a prime q is a square and
for q¿ 16 the set B is a Baer cone with a (2m − n′ − 1)-dimensional vertex and a
(2(n′ − m))-dimensional Baer subspace as a base. In Section 2.3 we show for n¿ n′
that in n-dimensional projective spaces the dimension of 〈B〉 is at most n′.
2.1. Preliminaries
Result 2.1 (Bruen [5]). Let B be a non-trivial line-blocking set of PG(n; q). Then
|B|¿ q+√q+ 1
with equality, if B is the point set of a Baer subplane of some plane in PG(n; q).
Result 2.2 (Hirschfeld [7, Chapter 13]). In PG(2; q); q odd, there exists a projective
triangle that is a minimal non-trivial line-blocking set of cardinality q+ (q+1)=2+ 1.
Result 2.3 (Brouwer and Wilbrink [4]). Let PG(2; q) be a desarguesian projective plane
of order q = ph; h∈N . Then in PG(2; q) there exist non-trivial line-blocking sets of
cardinality ph + : : :+ ph−k + 1 for all k ∈{1; : : : ; h− 1}.
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Lemma 2.4. The number r2(q) is at most (q+ 1)=2.
Proof. For q odd r2(q) is at most (q + 1)=2 by Result 2.2. If q is even, i.e. q = 2h,
then by Result 2.3 the number r2(q) is at most 2h−1 = q=2.
Result 2.5 (Heim [6]). Let B be a minimal 2-blocking set of PG(4; q) that generates
the whole space. Then
|B|¿ 2 + 1r2(q)
with equality, if B is a Baer subspace of PG(4; q).
Result 2.6 (Szo˝nyi [11]). Minimal line-blocking sets of cardinality less than 3(q+1)=2,
in desarguesian projective planes of order q = ph; p prime, intersects every line in
1 mod p points.
Lemma 2.7. Let B be a non-trivial line-blocking set of cardinality q + r2(q) + 1 in
a desarguesian projective plane of order q = ph; p prime, h¿ 1. Then B intersect
every line in 1 mod p points.
Proof. As |B|=q+r2(q)+1 and as B is non-trivial, the blocking set B is minimal. Result
2.3 gives that there exists a non-trivial line-blocking set of cardinality ph + ph−1 + 1.
Hence r2(q)6ph−1 and as |B|6ph + ph−1 + 1¡ 3(q + 1)=2, we can apply Result
2.6. That gives the assertion.
In the following results m-blocking sets of cardinality at most m+m−1
√
q in PG(n; q),
when q is a square, are characterized to be Baer cones.
Result 2.8 (Metsch and Storme [8]). Suppose B is a minimal 2-blocking set of PG(n; q);
n¿ 4; q a square and q¿ 16. If |B|6 2 + 1√q, then B is the point set of a plane,
a cone with a point as a vertex over a Baer subplane as a base or the point set of a
subgeometry PG(4;
√
q).
Result 2.9 (Bokler and Metsch [2]). Suppose B is a minimal 3-blocking set of PG(6; q);
q a square and q¿ 16. If |B|6 3 + 2√q, then B is the point set of a solid, a cone
with a line as a vertex over a Baer subplane as a base, a cone with a point as a vertex
over a 4-dimensional Baer subspace as a base, or a subgeometry PG(6;
√
q).
Result 2.10 (Bokler [1]). Suppose B is a minimal m-blocking set of PG(n; q); n¿ 2; q
a square and q¿ 16; n¿m. If |B|6 m+ m−1√q, then B contains a Baer cone with
a t-dimensional vertex and a (2(m − t − 1))-dimensional Baer-subspace as a base for
some t with max{−1; 2m− n− 1}6 t6m− 1.
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2.2. The case n= n′
As dim(〈B〉)¿ n′ and n = n′, the dimension of 〈B〉 is n′. We call a blocking set
B∗ of a projective space PG(n∗; q) proper, if B∗ generates the whole space PG(n∗; q).
Thus B is a proper m-blocking set of PG(n′; q). The proof is by induction on m and
(for a Fxed m) on n′. For m= 0 and m= n′ the theorem is trivial. For n′ = m+ 1 it
is Result 1.2 and for m = 2; n′ = 4 it is Result 2.5. We suppose m¿ 3; n′¿m + 2.
By the induction hypothesis a proper m-blocking set of PG(n′ − 1; q) contains at least
m + n′−m−2r2(q)q2m−n
′+1 points and a proper (m− 1)-blocking sets of PG(n′ − 1; q)
contains at least m−1+n′−m−1r2(q)q2m−n
′−1 points. We show the assertion of Theorem
1.3 in several steps.
(1) A hyperplane H meets B in at most m−1 + n′−m−1r2(q)q2m−n
′
points.
As B is minimal and B generates the whole space PG(n′; q), the set B∩H is not an
m-blocking set of H , since otherwise B∩H would be an m-blocking set of PG(n′; q)
contained in H . Therefore, there exists an (n′−1−m)-dimensional subspace U of
H that does not meet B. Then U lies in qm subspaces V of dimension n′−m that
satisfy V ∩H =U . As each of these meets B, it follows that |H ∩ B|6 |B| − qm.
Now use bound (1) for |B|.
(2) Let P be a point outside B and H be a hyperplane of PG(n′; q) not through P.
Then the projection B(P;H) contains a proper m-blocking set of H .
Let E be an (n′ − 1− m)-dimensional subspace of H . As B is an m-blocking set
of PG(n′; q) and P is not contained in B, the (n′−m)-dimensional subspace 〈E; P〉
through P contains at least one B-point Q diJerent from P. Thus 〈P;Q〉 ∩ H is a
point of B(P;H) ∩ E and B(P;H) is an m-blocking set of H .
Assume B(P;H) is not proper. Then there exists an (n′− 2)-dimensional subspace
 of H such that B(P;H) ∩  is an m-blocking set of . By Result 1.1 this set
contains at least m points. Hence, the hyperplane 〈; P〉 contains at least m points
of B. Combining this with Step (1) and the upper bound (q+1)=2 for r2(q) from
Lemma 2.4 gives
m6 m−1 + n′−m−1r2(q)q2m−n
′
;
qm6 m−1(q+ 1)=2:
As q¿ 2 and m¿ 3, this is a contradiction.
(3) Let U be an s-dimensional subspace not contained in B. Then |U ∩ B|6 s−1 +
r2(q)q2m−n
′
.
As U is not contained in B, there exists a point Q∈U\B. Let H be a hyperplane
not through Q. Consider the set B(Q;H). As dim(U ) = s, the B-points of U
are projected onto at most s−1 points. By Step (2) the set B(Q;H) contains a
proper m-blocking set of H . By the induction hypothesis B(Q;H) contains at least
m+n′−m−2r2(q)q2m−n
′+1 points. Combining this with (1) gives |B(Q;H)|¿ |B|−
r2(q)q2m−n
′
. This implies that U contains at most |U ∩H |+ r2(q)q2m−n′ = s−1 +
r2(q)q2m−n
′
points of B.
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(4) Suppose U is an (n′−m−1)-dimensional subspace that has an empty intersection
with B. Let P1; P2; : : : ; Pn′−m−1 be the points of U and let H1; H2; : : : ; Hn′−m−1 be
hyperplanes of PG(n′; q) with Pi ∈ Hi for i = 1; 2; : : : ; n′−m−1. Then the set
B(Pi; Hi) is a minimal, proper m-blocking set of Hi for every i.
By Step (2) every set B(Pi; Hi) contains a proper m-blocking set of Hi. The in-
duction hypothesis gives that
s := n′−m−1(m + n′−m−2r2(q)q2m−n
′+1)6
n′−m−1∑
i=1
|B(Pi; Hi)|: (3)
As B is an m-blocking set, every (n′ − m)-dimensional subspace Ui through U
contains at least one B-point. Let |B∩Ui|=1+ xi. The points of Ui ∩B contribute
at most n′−m−1 + xi · (n′−m−1 − 1) to the right-hand side of (3). There exist m
diJerent (n′−m)-dimensional subspaces Ui through U . Hence |B|=
∑m
i=1 |B∩Ui|=∑m
i=1(1 + xi) ⇒
∑m
i=1 xi = |B| − m. From condition (1) we get an upper bound
for the number of projected points.
n′−m−1∑
i=1
|B(Pi; Hi)|6 mn′−m−1 +
(
m∑
i=1
xi
)
(n′−m−1 − 1)
6 mn′−m−1 + (n′−m−1r2(q)q2m−n
′
)(n′−m−1 − 1):
This number equals s and therefore every point of B(Pi; Hi) for every i lies on the
proper m-blocking set B(Pi; Hi) of Hi. In particular it shows that equality holds in
(1).
(5) Equality holds in (1), that is |B|= m + n′−m−1r2(q)q2m−n′ . Furthermore, there
exists a minimal proper m-blocking set of PG(n′ − 1; q) of cardinality m +
n′−m−2r2(q)q2m−n
′+1.
As |B|¡m+1, by Result 1.1 there exists an (n′−m− 1)-dimensional subspace U
disjoint to B. Now Step (4) gives the Frst assertion. Therefore, every set B(Pi; Hi)
is a minimal proper m-blocking set of Hi ∼= PG(n′ − 1; q) of cardinality m +
n′−m−2r2(q)q2m−n
′+1. The argument of Step (4) shows that we have equality in
(1).
From now on suppose that q is not a prime.
We have to consider two cases: (i) n′ = m+ 2 and (ii) n′¿m+ 2.
(i) n′ = m+ 2.
(i6) Every point P ∈B lies on an (m− 2)-dimensional subspace of B.
As B is minimal, there exists a plane F through P with F ∩ B = {P}. We
count incident pairs of B-points diJerent from P and hyperplanes through F .
There exist m−1 hyperplanes through F and a B-point outside F lies in m−2
of these. For every hyperplane H the set B ∩ H is an (m − 1)-blocking set
of H .
Assume every hyperplane through F contains a proper (m − 1)-blocking set
and hence by induction hypothesis at least m−1 + 1r2(q)qm−3= : s points of
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B. Then this leads to a contradiction:
(|B| − 1)m−2¿ (s− 1)m−1;
(m − 1 + r2(q)(qm−1 + qm−2))m−2¿ (m−1 − 1 + 1r2(q)qm−3)m−1:
Hence there exists a hyperplane H through F such that B ∩ H contains a
non-proper (m−1)-blocking set of H . Thus, there exists an (n′−2)-dimensional
subspace  of H such that B∩ is an (m−1)-blocking set of . That is B∩
meets every line of , as dim() = n′ − 2 =m. Therefore F ∩  is a line and
this line is incident with P, as P is the only B-point of F . Hence P belongs
to the (m − 1)-blocking set contained in B ∩ . By Step (3) the set B ∩ 
contains at most m−1 + r2(q)qm−2 points. Result 1.2 gives that B∩ contains
an (m−1)-dimensional subspace or a cone with an (m−3)-dimensional vertex
over a non-trivial line-blocking set of cardinality q+r2(q)+1 in a plane skew
to the vertex. In both cases every point of the (m− 1)-blocking set of  ∩ B
is incident with an (m− 2)-dimensional subspace of  ∩ B. In particular this
holds for P.
(i7) Let P be a point outside B and H be a hyperplane not through P. Then
B(P;H) is a cone with an (m − 2)-dimensional vertex V over a non-trivial
line-blocking set of cardinality q+ r2(q) + 1 in a plane of H skew to V .
As P lies on m+1 lines, by condition (1) there exists a line U through P
that does not intersect B. Then Step (4) and the induction hypothesis give the
assertion.
(i8) Let g and h be two (m−2)-dimensional subspaces of B. Then the dimension
of g ∩ h is at least m− 4.
Let H be a hyperplane that contains g and let P be a point outside H ∪B. By
Step (i7) the set B(P;H) is a cone C with an (m− 2)-dimensional vertex V
over a non-trivial line-blocking set in a plane of H skew to V . The subspaces
g and h ∩ H are contained in C. The dimension of g ∩ V is at least m − 3
and the dimension of (h∩H)∩V is at least m−4 since dim(h∩H)¿m−3.
This gives
dim(g ∩ h)¿ dim((g ∩ V ) ∩ (h ∩ V ))
¿ (m− 3) + (m− 4)− (m− 2) = m− 5:
Hence the dimension of 〈g; h〉 is at most m + 1 = n′ − 1 and so we
may assume that h is contained in H . Then the above argument gives that
dim(g ∩ h)¿m− 4.
(i9) Let g and h be two (m−2)-dimensional subspaces of B. Then the dimension
of g ∩ h is m− 3.
By Step (i8) the dimension of g ∩ h is at least m− 4.
Assume g∩h has dimension m−4. Consider the m-dimensional subspace 〈g; h〉.
There exists a point R outside 〈g; h〉 ∪ B. As there are qm+1 lines through R
disjoint to 〈g; h〉, there exists a line U disjoint to 〈g; h〉∪B. Let P1; P2; : : : ; Pq+1
be the points of U and H1; H2; : : : ; Hq+1 be hyperplanes through 〈g; h〉 but with
Pi ∈ Hi. As in the proof of Step (4) we consider the cones B(Pi; Hi). The
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vertex Vi of B(Pi; Hi) has dimension m−2. As dim(g∩h)=m−4, the vertex
Vi is diJerent from g and h. Thus g ∩ Vi and h ∩ Vi have dimension m − 3,
which implies Vi ⊆ 〈g; h〉. The base of the cone B(Pi; Hi) is a non-trivial
line-blocking set of cardinality q + r2(q) + 1 in a plane Ei of Hi skew to
Vi. Let Si := g ∩ Ei and Ti := h ∩ Ei be two points of the line-blocking set.
The line SiTi contains at least two B-points (Si and Ti) and, as q is not a
prime, Lemma 2.7 gives that SiTi contains a B-point Qi diJerent from Si and
Ti. Hence 〈g; h〉 ∩B(Pi; Hi) contains at least 3 subspaces of dimension m− 1,
namely 〈Si; Vi〉; 〈Ti; Vi〉 and 〈Qi; Vi〉. Thus |B(Pi; Hi)∩〈g; h〉|¿ 2qm−1 +m−1.
Step (3) gives
s := |B ∩ 〈g; h〉|6 m−1 + r2(q)qm−2: (4)
We count the B-points in the (m + 1)-dimensional subspaces 〈g; h; Pi〉 using
|B∩ 〈g; h; Pi〉|¿ |B(Pi; Hi)∩ 〈g; h〉|, the upper bound (q+1)=2 for r2(q) from
Lemma 2.4, conditions (1) and (4).
(q+ 1)(2qm−1 + m−1)− qs6 |B|;
(q+ 1)2qm−1 + m−1 − r2(q)qm−16 1r2(q)qm−2 + m;
qm + 2qm−16 r2(q)qm−2(2q+ 1);
q2 + 2q6 q2 + 32q+
1
2 :
This is a contradiction.
(i10) The (m − 2)-dimensional subspaces of B intersect in a common (m − 3)-
dimensional subspace V .
By Step (i9) two (m − 2)-dimensional subspaces of B intersect in an
(m−3)-dimensional subspace. Therefore all these subspaces lie in an (m−1)-
dimensional subspace H or they intersect in a common (m− 3)-dimensional
subspace V . The Frst case is not possible, since otherwise by Step (i6) we
have B ⊆ H contradicting 〈B〉= PG(n′; q).
(i11) Let KV be a 4-dimensional subspace of PG(n′; q) skew to V . The set B ∩ KV
is a proper, 2-blocking set of KV .
As B is an m-blocking set in PG(m + 2; q), the set B meets every plane of
PG(n′; q). In particular B∩ KV meets every plane of KV and is a 2-blocking set
of KV .
Assume B∩ KV is not proper. Then there exists a solid S of KV such that B∩ S
is a 2-blocking set of S. The set B′ := {〈V; P〉|P ∈ S ∩ B} is an m-blocking
set of 〈V; S〉. Also B′ ⊆ B by Step (i6) and Step (i10). This is a contradiction
to 〈B〉= PG(n′; q).
(i12) The number q is a square and B is a cone with vertex V over a 4-dimensional
Baer subspace in KV .
By Steps (i6) and (i10) the set {〈V; P〉|P ∈ KV ∩ B} is contained in B. Com-
bining this with condition (1) gives that |B∩ KV |6 2+1r2(q). By Step (i11)
B ∩ KV is a proper, 2-blocking set of KV . Now Result 2.5 gives the assertion.
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(ii) n′¿m+ 2.
By Step (5) there exists a minimal proper m-blocking set of cardinality m +
n′−m−2r2(q)q2m−n
′+1 in PG(n′ − 1; q). As n′ − 1¿m+ 1, it follows from the in-
duction hypothesis that q is a square. Thus r2(q) =
√
q. If q¿ 16, Result 2.10
gives that B is a Baer-cone with a (2m − n′ − 1)-dimensional vertex and a
(2(n′ − m))-dimensional Baer-subspace as a base.
2.3. The case n¿ n′
In this section, we show that a minimal m-blocking set B that satisFes (1) is con-
tained in an n′-dimensional subspace. Hence, we can apply the arguments of Section
2.2 to B. The proof is by induction on the dimension n of the projective space PG(n; q).
If the dimension of 〈B〉 is at most n′, then we are done. Hence suppose dim(〈B〉)¿n′.
For m= n′ Result 1.1 and for m+ 1 = n′ Result 1.2 proves the assertion. As n′6 2m
this shows the assertion for m=1. Hence suppose m¿ 2, the number n′ is larger than
m + 1 and the assertion is true for m-blocking sets in PG(n − 1; q). The set B is not
a subspace as n′¿m + 1 and as the dimension of 〈B〉 is larger than n′. Therefore,
there exists a line that meets B in more than one point and does not belong to B. Let
P be a point of this line outside B and let H be a hyperplane not through P. The set
B(P;H) contains an m-blocking set B∗ of H . By condition (1) and by construction
|B∗|¡m + n′−m−1r2(q) · q2m−n′ . For n′ = n − 1 by Section 2.2 and for n′¡n − 1
by the induction hypothesis the dimension of 〈B∗〉 is smaller than n′. Thus 〈P; B∗〉 has
dimension at most n′ and there exists a hyperplane H∗ that contains 〈P; B∗〉. As B∗ is
an m-blocking set of H , it contains at least m points. Therefore H∗ contains at least
m points of B. The set B ∩ H∗ is an m-blocking set of H∗, since otherwise there
would exist an (n − 1 − m)-dimensional subspace U of H∗ skew to B. But as each
(n−m)-dimensional subspace through U contains at least one B-point and there exist
qm diJerent (n−m)-dimensional subspaces through U not contained in H∗, this is not
possible by condition (1). Now the assertion follows from the induction hypothesis.
This completes the proof of Theorem 1.3.
3. Proof of Theorem 1.5
The following result is crucial for this and the next section.
Result 3.1 (Szo˝nyi and Weiner [12]). Let B be a minimal m-blocking set of PG(n; q);
q=ph; p¿ 2 prime. Assume that |B|¡ 32 (qm +1). Then any subspace that intersects
B, intersects it in 1 mod p points.
Using Result 3.1 we will be able to show Theorem 1.5. We will prove Theorem 1.5
in a series of lemmas. Suppose B is a minimal m-blocking set of PG(n; q) that satisFes
(2), that is |B|¡m+ r2(q)(qm−1 + qm−2) and |B|¡ 32 (qm+1). We shall show that B
is an m-dimensional subspace or a cone with an (m− 2)-dimensional vertex V and a
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non-trivial line-blocking set B∗ of cardinality q+ r2(q) + 1 in a plane skew to V as a
base.
Lemma 3.2. The dimension of 〈B〉 is at most m+ 1.
Proof. This is a direct consequence of Theorem 1.3 and the upper bound (2) for
|B|.
If the dimension of 〈B〉 is at most m, then by Result 1.1 the set B is an m-dimensional
subspace proving our assertion for Theorem 1.5.
Assume B contains no m-dimensional subspace. From Lemma 3.2 it follows that the
dimension of 〈B〉 is m + 1. In order to prove Theorem 1.5 it suMces to consider the
subspace 〈B〉. So from now on suppose that PG(n; q)= 〈B〉, the dimension of PG(n; q)
is m+ 1 and B is a line-blocking set of PG(n; q).
Lemma 3.3. Every B-point P is incident with an (m − 1)-dimensional subspace E
contained in B.
Proof. For 06 i6m − 1 we show by induction on i that P is incident with an
i-dimensional subspace Ei contained in B. The case i = 0 is trivial. Suppose now that
0¡i6m − 1. First we show that there exists an i-dimensional subspace Fi through
Ei−1 with Fi ∩ B = Ei−1. Assume to the contrary that every i-dimensional subspace
through Ei−1 contains at least one B-point Q outside Ei−1. Let Pj; j = 1; : : : ; i−1, be
the points of Ei−1. Then every line QPi contains at least p+1 points of B by Result 3.1.
Therefore, every i-dimensional subspace through Ei−1 contains at least (p−1)i−1 +1
points of B outside Ei−1. There exist n−i subspaces of dimension i through Ei−1. This
gives
|B|¿ n−i((p− 1)i−1 + 1) + i−1:
As n= m+ 1, this is a contradiction to (2).
Now, consider an (i+1)-dimensional subspace  through Fi. As B meets every line
of PG(n; q), the set B ∩  is an i-blocking set of .
Assume, no (i+1)-dimensional subspace through Fi contains an i-dimensional sub-
space of B. Then by Result 1.2 every (i+1)-dimensional subspace through Fi contains
at least qi + r2(q) · qi−1 points of B outside Ei−1. There exist m−i subspaces of di-
mension i + 1 through Fi, hence
|B|¿ m−i(qi + qi−1r2(q)) + i−1
¿ m + m−ir2(q)qi−1:
As i6m− 1 this is a contradiction to (2).
Lemma 3.4. Let E1 and E2 be two di7erent (m− 1)-dimensional subspaces contained
in B. Then E1 and E2 intersect in an (m− 2)-dimensional subspace.
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Proof. Assume to the contrary that the dimension of E1 ∩ E2 is at most m− 3. Let g
be a line of E1 disjoint to E2 and let P0; : : : ; Pq be the points of g. By Result 3.1 for
every point Q of E2 the line QPi contains at least p points of B outside E2. Therefore
〈Pi; E2〉 contains at least m−1(p− 1) + 1 points of B outside E2. Hence
|B|¿ (q+ 1)(m−1(p− 1) + 1) + m−1
a contradiction to (2).
Lemma 3.5. The set B is an m-dimensional subspace or a cone with an (m−2)-dimen-
sional vertex V and a non-trivial line-blocking set B∗ of cardinality q+ r2(q) + 1 in
a plane skew to V as a base.
Proof. By Lemma 3.3 every B-point lies on an (m − 1)-dimensional subspace of B
and by Lemma 3.4 every two (m − 1)-dimensional subspaces of B intersect in an
(m−2)-dimensional subspace. Thus B is contained in an m-dimensional subspace or all
(m−1)-dimensional subspaces of B are incident with an (m−2)-dimensional subspace
V . In the Frst case B is an m-dimensional subspace, as B is an m-blocking set and we
are done. Suppose we are in the second case. Let KV be a plane skew to V .
Assume KV ∩B contains a line g. Then 〈g; V 〉 is contained in B, but this is a contra-
diction, as we assumed B contains no m-dimensional subspace.
The set KV ∩ B intersects every line of KV and contains no line.
Assume | KV ∩ B|¿ q+ r2(q) + 2. Then
|B|¿ (q+ r2(q) + 2)qm−1 + m−2
¿ m + qm−1r2(q) + qm−1:
From (2) it follows that
qm−2r2(q)¿qm−1 ⇒ r2(q)¿q;
but this is a contradiction to Lemma 2.4.
Thus | KV ∩B|6 q+r2(q)+1 and from Result 1.2 it follows that KV ∩B is a non-trivial
line-blocking set of cardinality q+ r2(q) + 1 contained in a plane.
4. Proof of Theorem 1.6
The proof of Theorem 1.6 is by induction on m and (for a Fxed m) on n. Suppose
B is a minimal m-blocking set of PG(n; q) with q=p3h; p¿ 7 prime, q not a square.
Suppose that
|B|6 m + q2=3m−1: (5)
For n=m as well as for m=0 the assertion is trivial. For m=1 and n=2 it is Result
4.1. For m=1 and n¿ 3 it is Result 1.2, as by Result 4.1 we have r2(q)=q2=3. Hence
suppose that m¿ 2 and n¿m+1. First we consider the cases n=m+1 and n=m+2.
Then for n¿m+ 2 we project the points of B from a point P ∈ B onto a hyperplane
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" not through P. As B(P; ") is an m-blocking set of " and the dimension of B(P; ")
is at most m+ 1, the assertion follows from the induction hypothesis.
4.1. Preliminaries
Result 4.1 (Polverino [9]; Polverino and Storme [10]). In PG(2; q3); q = ph; h¿ 1;
p prime, p¿ 7 the smallest non-trivial minimal line-blocking sets are:
(a) A Baer subplane PG(2; q3=2) of cardinality q3 + q3=2 + 1 when q is a square.
(b) A minimal blocking set of size q3 + q2 + 1.
(c) A minimal blocking set of size q3 + q2 + q+ 1.
Remark 4.2. A particular property of the minimal blocking set of size q3 + q2 + 1 is
that it has a unique point lying on exactly q+ 1 lines containing q2 + 1 points of the
blocking set. We call this point the vertex of the minimal blocking set. All other lines
intersect this blocking set in 1 or q+ 1 points.
For convenience we call a cone with a k-dimensional vertex over a non-trivial
line-blocking set of cardinality q+ q2=3 + 1 in a plane skew to the vertex a k-cone. A
k-cone contains k+2 + q2=3qk+1 points.
Lemma 4.3. (a) Let B′ be an m-blocking set in PG(n − 1; q) that contains at most
m + q2=3m−1 points and suppose n¿m+ 2.
Then B′ contains an m-dimensional subspace or an (m− 2)-cone.
(b) Let B′ be an (m−1)-blocking set of PG(n−1; q) that contains at most m−1 +
q2=3m−2 points.
Then B′ contains an (m− 1)-dimensional subspace or an (m− 3)-cone.
Proof. This is the induction hypothesis.
The next lemmas will only be used in the case n = m + 1 and n = m + 2 but we
will prove them for all n¿m. With these lemmas the proof of Theorem 1.6 reduces
to showing that every B-point is contained in an (m− 1)-dimensional subspace of B.
Lemma 4.4. Let E1 and E2 be two di7erent (m− 1)-dimensional subspaces contained
in B. Then E1 and E2 intersect in an (m− 2)-dimensional subspace.
Proof. The proof is exactly the same as for Lemma 3.4 except that we use the upper
bound (5) instead of (2) for |B|.
Lemma 4.5. Suppose every B-point lies on an (m−1)-dimensional subspace of B. The
set B is an m-dimensional subspace or an (m− 2)-cone.
Proof. By Lemma 4.4 every two (m − 1)-dimensional subspaces of B intersect in an
(m− 2)-dimensional subspace. We proceed as in the proof of Lemma 3.5 and use the
upper bound (5) instead of (2) for |B|.
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Lemma 4.6. Suppose a hyperplane " contains at least m points of B. Then " ∩ B is
an m-blocking set of ".
Proof. Assume to the contrary, that " ∩ B is not an m-blocking set of ". Then in
" there exists an ((n − 1) − m)-dimensional subspace F that contains no B point. In
PG(n; q) there exist qm subspaces of dimension n − m that intersect " in F . As B is
an m-blocking set, each of these subspaces contains at least one B-point. Therefore,
at least qm points of B lie outside " and |B|¿ |" ∩ B| + qm¿ qm + m. This is a
contradiction to condition (5).
Lemma 4.7. Let P be a B-point. There exists an (m− 2)-dimensional subspace U of
B through P.
Proof. As B is minimal, there exists an (n − m)-dimensional subspace F with F ∩
B = {P}. Consider a hyperplane " through F . As B ∩ " is an (m − 1)-blocking set
of ", by Lemma 4.3(b) the set " ∩ B contains an (m − 1)-dimensional subspace, an
(m − 3)-cone or it contains more than m−1 + q2=3m−2 points. The point P belongs
to the (m − 1)-blocking set contained in B ∩ ", as P is the only B-point of F ⊆ ".
In the Frst case we have found an (m− 1)-dimensional subspace of B through P and
in the second case, when B ∩ " contains an (m − 3)-cone, there exists at least one
(m− 2)-dimensional subspace of B through P.
Assume all hyperplanes through F contain at least m−1 + q2=3m−2 points of B
outside F . We count incident pairs of B-points outside F and hyperplanes through F .
A point outside F lies in m−2 hyperplanes through F and there exist m−1 hyperplanes
through F . Hence
(|B| − 1)m−2¿ m−1(m−1 + q2=3m−2):
Combining this with the upper bound (5) for |B| leads to a contradiction.
4.2. n= m+ 1
In this section we consider the case n=m+1, i.e. B meets every line of PG(n; q). Sup-
pose that B is not an m-dimensional subspace. We shall show that B is an
(m− 2)-cone.
Lemma 4.8. Every B-point is incident with a (m− 1)-dimensional subspace of B.
Proof. Let P be a B-point. Assume P does not lie on an (m−1)-dimensional subspace
of B. We shall derive a contradiction in several steps.
(1) There exists an (m− 2)-dimensional subspace U of B through P.
This follows from Lemma 4.7.
(2) There exists an (m− 1)-dimensional subspace  with  ∩ B= U .
Assume to the contrary that every (m−1)-dimensional subspace through U contains
a B-point Q outside U . Then by Result 3.1 every line QR with R∈U contains at
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least p points of B outside U , hence an (m− 1)-dimensional subspace through U
contains at least (p−1)m−2 +1 points of B outside U . As there exist 2 diJerent
(m− 1)-dimensional subspaces through U , it follows
|B|¿ 2((p− 1)m−2 + 1) + m−2:
This a contradiction to condition (5).
(3) Every hyperplane through  contains an (m− 3)-cone of B.
Let " be a hyperplane through . As B ∩ " is an (m − 1)-blocking set of ",
by Lemma 4.3(b) the set B ∩ " contains one of the following: an (m − 3)-cone,
an (m − 1)-dimensional subspace V or more than m−1 + q2=3m−2 points. In the
Frst case we are done. In the second case, as V ∩  = U , we have found an
(m− 1)-dimensional subspace of B through P contradicting our assumption in the
beginning of the proof.
The third case is also not possible. To see this assume |"∩B|¿m−1 + q2=3m−2.
Then |B\"|¡qm + qm−1q2=3. Thus there exists a hyperplane "′ through  that
contains less than qm−1 + qm−2q2=3 points of B outside , hence less than m−1 +
qm−2q2=3 points of B. By Lemma 4.3(b) the set "′ ∩B contains an (m− 1)-dimen-
sional subspace, and this (m − 1)-dimensional subspace meets  in U . This is a
contradiction as before.
(4) There are at most m−3q2=3 points of B outside the (m− 3)-cones in the hyper-
planes through .
Each (m−3)-cone has m−1+q2=3qm−2 points and two (m−3)-cones of B contained
in the hyperplanes through  meet in at most m−2 points, since ∩B=U . Hence
the (m− 3)-cones of B cover at least
(q+ 1)((q+ q2=3)qm−2) + m−2 = m + (qm−1 + qm−2)q2=3
points. Now the statement follows from the upper bound (5) for |B|.
(5) Every hyperplane through  meets B in an (m− 3)-cone.
Let # be the set of coplanes contained in B that intersect U in an
(m− 3)-dimensional subspace. Then # contains (q+ 1)(q+ q2=3) coplanes.
Let " be a hyperplane through . By Step (3) the set " ∩ B contains an
(m − 3)-cone C. We have 〈C〉 = ". Assume there exists a B-point R in 〈C〉\C.
Every line of 〈C〉 meets C in 1 mod p points. (A line that meets the vertex of C
contains 1 or q + 1 points of C, as the vertex is a subspace. A line skew to the
vertex is contained in a plane E of 〈C〉 skew to the vertex. Then E meets C in a
non-trivial line-blocking set of cardinality q+ q2=3 + 1. Every line of E intersects
E ∩ C in 1; q1=3 + 1 or q2=3 + 1 points (cf. Remark 4.2)). By Result 3.1 every
line meets the minimal blocking set B in 1 mod p points. Hence every line of
〈C〉 through R contains 0 mod p points of B\C. As there are m−1 lines in 〈C〉
through R, the subspace 〈C〉 ⊆ " contains at least m−1(p − 1) + 1 points of B
outside C. This is a contradiction to Step (4).
A coplane of # generates together with  a hyperplane that meets B in an
(m− 3)-cone. Hence all coplanes of # are contained in the (m− 3)-cones of B in
the hyperplanes through . As the base of an (m− 3)-cone contains q + q2=3 + 1
points, an (m − 3)-cone contains q + q2=3 + 1 coplanes. One of these coplanes is
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U . Hence a hyperplane through  gives rise to q+q2=3 coplanes of #. There exist
q+ 1 hyperplanes through . Therefore, # contains (q+ 1)(q+ q2=3) coplanes.
(6) A coline through U contains 0; q1=3 or q2=3 coplanes of #. We call these colines
through U small, medium and big colines respectively.
Suppose F is a coline through U diJerent from . Then 〈; F〉 ∩ B is an
(m − 3)-cone C by Step (5). The coplane U belongs to C and the vertex V
of C is contained in U . Let E be a plane of 〈; F〉 skew to V . Then E ∩ C is a
non-trivial line-blocking set of E of cardinality q + q2=3 + 1 and the point E ∩ U
belongs to this set. The coline F intersects E in a line through E∩U and this line
meets the line-blocking set E ∩ C in 0, q1=3 or q2=3 points diJerent from E ∩ U
(cf. Remark 4.2). Every point of ((E ∩ C)\U ) ∩ F generates together with V a
coplane of C contained in F . These coplanes belong to #.
(7) A hyperplane through a small coline ′ meets B in an (m− 3)-cone and contains
q+ q2=3 coplanes of #.
If ′ = , then Step (5) gives the Frst assertion. If ′ =  then by Step (5) the
hyperplane 〈; ′〉 meets B in an (m− 3)-cone. As ′ contains no coplane of #, it
follows that ′ ∩ B = U . Let " be a hyperplane through ′. We proceed with ′
as we have done with , as  was an arbitrary small coline. Then Step (5) gives
that " ∩ B is an (m− 3)-cone C. The cone C contains q+ q2=3 + 1 coplanes and
the coplane U is one of these. As the dimension of U is m− 2, the vertex of C
is contained in U and the coplanes of C diJerent from U belong to #.
(8) There exists a medium coline through U .
Assume to the contrary that there does not exists a medium coline through U .
Then by Step (6) every coline through U is big or small. Each coplane of # is
contained in a unique big coline. By Step (5) there exist (q+1)(q+q2=3) coplanes
in #. Hence there exist
(q+ 1)(q+ q2=3)=q2=3 = (q+ 1)(q1=3 + 1)= : s
big colines. Let h be a big coline. Consider the hyperplanes through h. If a hy-
perplane " through h contains a small coline ′, then Step (7) gives that " ∩ B
contains q+ q2=3 coplanes of #. In this case " contains q1=3 + 1 big colines. If "
contains no small coline, then " contains q + 1 big colines. Let c be the number
of hyperplanes through h that contain a small coline and let d be the number of
hyperplanes containing no small coline. Then c+d= q+1 and cq1=3 +dq+1= s.
This gives d= q2=3=(q2=3 − 1). This is a contradiction, as q2=3 is odd and q2=3 − 1
is even.
(9) The 1nal contradiction.
By Step (8) there exists a medium coline h. If a hyperplane "∗ through h contains
a small coline, by Step (7) the set "∗ ∩ B contains q+ q2=3 coplanes of #.
Assume every hyperplane through h contains a small coline. Then |#| =
(q + 1)(q + q2=3 − q1=3) + q1=3, a contradiction to Step (5). Thus at least one
hyperplane " contains no small coline. This hyperplane " contains q + 1 colines
that are medium or big which implies that " ∩ B contains at least q1=3q coplanes
of # not contained in h.
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Assume another hyperplane "′ through h contains no small coline. As for " it
follows that "′ contains at least q1=3q coplanes of # not contained in h. Hence
# contains at least 2q1=3q + (q − 1) · (q + q2=3 − q1=3) + q1=3¿ |#| coplanes, a
contradiction to Step (5).
Hence there exists exactly one hyperplane " through h that contains no small
coline. Then "∩# contains |#|−q(q+q2=3−q1=3)=q1=3q+q+q2=3= : s coplanes.
Let c be the number of medium colines of " and d be the number of big colines
of ". As " contains no small coline, we have c+d= q+1. Every medium coline
gives rise to q1=3 coplanes of # and every big coline gives rise to q2=3 coplanes
of #. Hence cq1=3 + dq2=3 = s. This gives d= (q2=3 + q1=3 − 1)=(q1=3 − 1), but this
is a contradiction.
Lemmas 4.4 and 4.5 complete the proof of Theorem 1.6 for the case n= m+ 1.
4.3. n= m+ 2
In this section we consider the case n=m+2, i.e. B meets every plane of PG(n; q).
Suppose that B is not an m-dimensional subspace. We shall show that B is an
(m− 2)-cone.
Lemma 4.9. Every B-point is incident with an (m− 1)-dimensional subspace of B.
Proof. Let P be a B-point. Assume there exists no (m − 1)-dimensional subspace of
B through P.
(1) There exists an (m− 2)-dimensional subspace U of B through P.
This follows from Lemma 4.7.
(2) There exists a coline  with  ∩ B= U .
Assume to the contrary that every coline through U contains a B-point Q outside
U . Then by Result 3.1 every line QR with R∈U contains at least p points of B
outside U , hence every coline through U contains at least (p− 1)m−2 + 1 points
of B\U . We count incident pairs of B-points outside U and colines through U . A
point outside U lies in 2 colines through U and there exist (23)=(q+1) colines
through U . This gives
(|B| − m−2)2¿ 23q+ 1 ((p− 1)m−2 + 1)
|B|¿ (q2 + 1)((p− 1)m−2 + 1) + m−2
a contradiction to condition (5).
(3) Every hyperplane through  contains an (m− 3)-cone of B.
The same argument as in Step (3) of the proof of Lemma 4.8 gives the assertion.
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(4) There are at most m−3 · q2=3 points of B outside the (m− 3)-cones in the hyper-
planes through .
This follows as in Step (4) of the proof of Lemma 4.8.
(5) Every hyperplane through  meets B in an (m− 3)-cone.
Let " be a hyperplane through . By Step (3) the set "∩B contains an (m−3)-cone
C. Assume there exists a B-point R in "\C.
First suppose R is contained in 〈C〉. As in Step (5) of the proof of Lemma 4.8,
we get that the subspace 〈C〉 ⊆ " contains at least m−1(p − 1) + 1 points of B
outside C. This is a contradiction to Step (4).
If R is a point of " outside 〈C〉, then there exist m−1 + qm−2q2=3 lines through
R meeting C in one point. Again by Result 3.1 every line through R that meets
C gives rise to p points of B outside C. Hence (" ∩ B)\C contains at least
(m−1 + qm−2q2=3) · (p− 1) + 1 points. This is a contradiction to Step (4).
(6) The set B contains m + (qm−1 + qm−2)q2=3 points.
By Step (5) every hyperplane through  meets B in an (m−3)-cone. These cones
mutually intersect in U and every cone gives rise to qm−1 + q2=3qm−2 points of
B\U . Therefore,
|B|= (q+ 1)(qm−1 + q2=3qm−2) + m−2:
(7) A contradiction.
As by Step (6) the cardinality of |B| is m + (qm−1 + qm−2)q2=3 and as q is not
a square, Theorem 1.3 gives that the dimension of 〈B〉 is at most m + 1. Hence
we can use the same arguments as in the previous section for 〈B〉. Then Lemma
4.8 gives that there exists an (m − 1)-dimensional subspace of B through P, a
contradiction.
Lemmas 4.4 and 4.5 complete the proof of Theorem 1.6 for the case n= m+ 2.
4.4. n¿m+ 2
Lemma 4.10. The set B is an m-dimensional subspace or an (m− 2)-cone.
Proof. Let P be a point outside B and let " be a hyperplane not through P. As B(P; ")
is an m-blocking set of ", by Lemma 4.3(a) the set B(P; ") contains an m-dimensional
subspace U or an (m− 2)-cone C. As n¿m+2, there exists a hyperplane "′ through
P that contains U or C, respectively. Hence "′ contains at least m points of B. By
Lemma 4.6 the set "′ ∩ B is an m-blocking set of "′. Now the assertion follows from
Lemma 4.3(a).
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